Abstract: Annular polishing technology is an important optical machining method for achieving a high-precision mirror surface on silicon carbide. However, the inevitable over-polishing of the specimen edge in annular polishing deteriorates achieved surface quality. In the present work, we first analytically investigate the kinematic coupling of multiple relative motions in the annular polishing process and subsequently derive an analytical model that addresses the principle of material removal at specimen edge based on the Preston equation and the rigid body contact model. We then perform finite element simulations and experiments involving annular polishing of silicon carbide (SiC), which jointly exhibit agreement with the derived analytical model of material removal.
Introduction
Silicon carbide (SiC) is one of the preferred materials for manufacturing optical mirrors due to its unique characteristics of low density, high strength, low thermal expansion, high thermal conductivity and high chemical inertness [1, 2] . According to the theory of total integrated scattering (TIS), the total surface scattering of a mirror is closely related to its surface roughness. Specifically, with the increase of surface roughness, the TIS rises sharply in conjunction with the decrease of reflectivity, which accordingly results in the degradation of the imaging quality of the optical system [3] . Therefore, achieving an ultra-smooth surface by optical machining methods is critical for the performance of SiC mirrors. At present, annular polishing technology is one of the main methods that has been widely used to obtain high-precision SiC mirrors [4] [5] [6] [7] .
The inevitable over-polishing of specimen edge that occurs during annular polishing significantly deteriorates machined surface qualities, such as flatness. Additionally, a fundamental understanding of material removal is required to minimize over-polishing. Material removal during the annular polishing process is complex due to the kinematic coupling of multiple relative motions between the specimen and polishing disc. At present, the Preston equation is widely used to describe the material removal process in annular polishing. For instance, Ji et al. [8] investigated the relationship between surface quality and polishing condition and consequently established the trajectory equation for a point on the single-side polishing part relative to the polishing pad by the coordinate transformation method. Wenski et al. [9] obtained improved non-uniformity for material removal at specimen edge by optimizing the trajectory of the polishing machine. However, the Preston equation still needed to be refined. Nanz et al. [10, 11] found, through polishing experiments, that although the product of surface pressure of the specimen and its rotate speed is zero, the polishing removal rate is not zero due to chemistry action. Consequently, a compensation parameter must be introduced to correct underestimation by the Preston equation and which fits well with specific values in the experiments. Luo et al. [12] modified the Preston equation according to the results of both experiments and theoretical calculations.
Although previous analytical and experimental studies have qualitatively analyzed average material removal in the annular polishing process, there is limited work focusing on the over-polishing of specimen edge. In particular, there is no model of a material removal equation that takes into account the phenomenon of edge over-polishing, as the Preston equation only considers the average pressure of the polishing process. Therefore, in the present work, we first analyze the kinematic coupling of multiple relative motions between the specimen and polishing disc in the annular polishing process. Subsequently, based on the Preston equation and the rigid body contact model, we derive an analytical model that addresses the principle of material removal at specimen edge. Finally, finite element (FE) simulations and experiments of annular polishing of SiC are performed to evaluate the accuracy and efficiency of the derived analytical model. Figure 1a illustrates a typical annular polisher, which consists of a polishing disc, a carrier disc and a swinging bracket. The specimen is pasted on the carrier disc with paraffin, which means that the specimen has a synchronous speed with the carrier disc. The applied pressure is provided by the weight of the carrier disc. Accordingly, Figure 1b illustrates the simplified motion diagram of the annular polishing, which indicates that the kinematic coupling of relative motions includes the rotation of the polishing disc and the rotation of the carrier disc. We note that the swinging of the carrier disc leads to back and forth movements by the specimen, which consequently reduce the propensity of over-polishing of specimen edge. Therefore, to magnify the over-polishing phenomenon, in the present work the back and forth swinging motions are not considered in the kinematic coupling. As indicated in Figure 1b , the speed of the carrier disc is ω and the speed of the polishing disc is δ. The distance from the center of specimen O 2 to point A on the carrier disc is r and the distance from the center of the polishing disc O 1 to the center of carrier disc O 2 is R. The angle between the line segments AO 2 and O 1 O 2 is θ. The speed at point A on the polishing disc relative to O 1 is V 1 and the speed at point A on the specimen relative to O 2 is V 2 , so the relative speed of the specimen and the polishing disc at point A is V, which can be derived from Equation (1) [13] :
Analytical Investigation of Annular Polishing

Kinematic Coupling of Motions
(1) 
Preston Equation
Both material removal rate and surface quality of the specimen in the annular polishing process are strongly affected by processing parameters, which have complex interactions. Preston et al. simplified the Preston equation to characterize the relationship between material removal and polishing speed V, applied pressure P, and other external factors, as shown in Equation (2) [14] :
where h is the amount of material removal and k is a proportional constant that is related to various environmental factors. Therefore, the amount of material removal at one specific point can be derived according to Equation (2) [15, 16] . However, contact between the specimen and polishing disc changes dynamically with polishing time, which induces uncertainties in analytical investigation of the annular polishing process. Therefore, three main assumptions are made to simplify the operation:
(1) The specimen and polishing disc are completely in contact without separation; (2) the applied pressure does not change over polishing time; and (3) the proportional constant k does not change over polishing time.
According to the Preston equation, the amount of material removal within a specific polishing time can be derived by integrating time T, as shown in Equation (3):
It can be seen from Equation (3) that material removal is only dependent on the resultant speed V, given that k and P are constant. By substituting the relative velocity derived from Equation (1) into Equation (3), material removal at point A can be derived, as shown in Equation (4):
Rigid Body Contact Model
It can be seen in Equation (4) that the pressure of each point on the specimen must be accounted for precisely when deriving material removal. Contact between the specimen and polishing disc in annular polishing can be analyzed by using the rigid body contact model, as illustrated in Figure 2 [17] . The rigid body contact model, as a two-dimensional plane strain model, can be used to analyze the distribution of contact pressure on the contact surface between the specimen and polishing disc. Considering the much higher stiffness (Mohs hardness of 9.5 and elastic modulus of 360 GPa) of SiC compared to that of a polishing disc made of cast iron (Mohs hardness of 4.5 and elastic modulus of 170 GPa), the SiC specimen is treated as a rigid body and the polishing disc is treated as an elastic material with small elastic modulus (elastic modulus of 3 MPa). Therefore, the shape of the SiC specimen does not change after being pressed into the polishing disc. Furthermore, it is assumed that the deformation of the polishing disc does not affect the result. The distribution of contact pressure on the specimen surface is expressed in Equations (5) or (6):
where P app is the pressure applied to the upper surface of specimen and R is the radius of specimen.
γ can be expressed by:
where f is the friction coefficient between the specimen and the polishing pad and v is the Poisson's ratio of the polishing pad. While Equation (5) does not consider the friction between contacting surfaces, Equation (6) provides a more accurate description of the contact by considering the frictional force between the two surfaces. By substituting Equation (6) into Equation (4), the removal equation for the specimen in annular polishing can be derived, as seen in Equation (8):
It can be seen from Equations (5) and (6) that contact pressure near specimen edge (i.e., r approaching R) increases sharply. Therefore, Equation (8) also applies to the qualitative description of material removal when considering over-polishing of specimen edge.
FE Simulation of Annular Polishing
FE Modeling
To verify the accuracy of the derived model of material removal presented in Equation (8), FE simulations of annular polishing of SiC were performed by using ABAQUS software, with an emphasis on the distribution of contact pressure on specimen surface. Similarly to the analytical investigation, in the FE simulations the motion of carrier swing was not considered. Accordingly, the swing bracket was omitted in the FE model. Figure 3 shows that the FE model of annular polishing consisted of a SiC specimen colored in blue, a polishing pad in red and a polishing disc in gray, which were treated as deformable parts. The upper surface of the polishing disc and the lower surface of the polishing pad were bound entirely. The polishing disc had a synchronous speed with the polishing pad. Table 1 lists material properties of the three parts. Furthermore, it was assumed that the properties of the SiC specimen were isotropic. It is known that grid configuration greatly affects the accuracy of prediction results in FE simulations. The three aspects of cell type, cell shape and grid density need to be considered when configuring grids. In the present work, a structured mesh was used to divide meshes by using a linear hexahedral C3D8I element with eight nodes. Grid density increased with increasing distance from the center of specimen.
Furthermore, the mesh of the polishing pad was denser than that of the polishing disc, as shown in Figure 3 . In the FE simulation, an explicit dynamical analysis step with a total time of 3 s was used. The selection of 3 s was to ensure that the specimen rotated more than two revolutions, which enabled us to obtain more accurate polishing results. It should also be noted that the time cannot be too long due to high computational costs and minimal change in results. The contact between the specimen and polishing pad was set as a general contact with a friction coefficient of 0.1. A uniform pressure of 0.068 MPa was imposed on the specimen. Figure 4 presents the distribution of contact pressure and deformation of the SiC specimen surface after FE simulation of annular polishing, in which the polishing disc and specimen have the same speed of 100 r/min. In Figure 4a , distributions of contact pressure in three random radial directions highlighted by the three randomly selected red dash lines are analyzed. For each direction, 30 uniformly-spaced points along the red lines are selected. Accordingly, Figure 4c plots variations of contact pressure along the three directions as a function of off-center distance, which shows that the contact pressure in the vicinity of the center of the specimen is distributed uniformly. However, when the off-center distance is higher than 10 mm, the contact pressure gradually increases with increasing off-center distance, and finally reaches the maximum value at the specimen edge. Figure 4b shows the contour of normal strain after polishing, which is related to the material removal of specimen surface. It can be seen in Figure 4b that the material removal at specimen edge is significantly higher than in the middle of the specimen. We further evaluated the influence of the typical parameters (speed, Poisson's ratio and elastic modulus of polishing pad) on the distribution of contact pressure. Figure 5 plots variations of contact pressure along three directions as a function of off-center distance under different parameters. It was found, as shown in Figure 5 , that for each parameter, the contact pressure of the specimen showed similar trends, first remaining stable and then increasing sharply when near the edge. The above results verify the pressure distribution equation obtained by the rigid body contact model presented in Equations (5), (6) and (8). 
Simulation Results and Discussion
Experimental Study of Annular Polishing of SiC
In addition to the FE simulations that verified the occurrence of over-polishing of specimen edge, annular polishing experiments of SiC were also carried out to further verify the derived model of material removal presented in Equation (8) . All the annular polishing experiments were performed by using the UNIPOL-802 precision auto lapping and polishing machine, as shown in Figure 6 . The specific parameters used in the annular polishing experiments were: That the velocities of the polyurethane polishing pad and specimen were the same at 100 r/min, the polishing time was 60 min, and a diamond suspension solution was used. After polishing, the obtained surface was measured by using a surface profiler. Figure 4 . It can be seen in Figure 7 that within the off-center distance ranging from 0 to 13 mm, the relative surface height of the specimen remains relatively unchanged. Upon a further increase of off-center distance from 13 to 15 mm, which approaches to the specimen edge, however, the relative surface height of the specimen dropped sharply. This indicates that the amount of material removal also increased sharply. Figure 7 also demonstrates that the experimental results are in agreement with the FE simulation results, as material removal during polishing is proportional to contact pressure. Specifically, there is sharp increase in both pressure and material removal at specimen edge, indicating the occurrence of an over-polishing phenomenon. Therefore, it is indicated by both the simulation and experimental results that the derived analytical model of material removal presented in Equation (8) is indeed capable of describing material removal particularly related to the over-polishing of specimen edge during annular polishing of SiC. 
Conclusions
In the present work, we performed an analytical investigation, FE simulation and an experimental study to investigate the fundamentals of material removal during annular polishing of SiC, with an emphasis on the underlying mechanisms of over-polishing of specimen edge. According to the analytical investigations of the kinematic coupling of multiple relative motions between the specimen and polishing disc, an analytical model of material removal during the annular polishing process that further accounts for the over-polishing of specimen edge was derived based on the Preston equation and the rigid body contact model. Subsequent FE modeling and simulation showed the non-uniform distribution of contact pressure and the normal strain of the specimen in the annular polishing, i.e., the occurrence of over-polishing at specimen edge, which was further verified by the polishing experiments.
